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1. INTRODUCTION 
Let X be a complex Banach space and B(X) be the algebra of all 
bounded linear operators on X. Let K(X) be the set of all compact linear 
operators on X and for an operator TE B(X), let o(T), a,(T), and oP( T) 
be the spectrum, the approximate point spectrum, and the point spectrum 
of T, respectively. 
Weyl spectrum is defined as the set 
o(T)= f-j a(T+K). 
KE K(X) 
For any operator TE B(X), we denote by N(T) and R(T) the null space 
and the range of T, respectively; rc& T) is the set of isolated points in a(T) 
corresponding to Riesz spectral subspaces of finite dimension. 
For an operator TE B(X), we say that Weyl’s theorem holds if the 
following equality holds: 
o(T) = a(T) - nM)( T). 
A Banach space X will be said to be uniformly convex if to each E > 0 
there corresponds a 6 > 0 such that the conditions /Ix 11 = I/ y 11 = 1 and 
II x - y II 3 E imply II x + y II/2 < 1 - 6. 
We set, for t>O, 
P(t)=suP {~(llx+.JII + llx-YIO- 1; /IxII = 1, II YII <t}. 
A Banach space X is called uniformly smooth if 
Pu)+O as t + 0. 
t 
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We denote by X* the dual space of X. Let us set 
z7= { (x,f) E xx x* : I/ f‘ 11 =.f(x) = /Ix II = 1). 
The numerical range V(T) is defined by 
V(T)= {j-(TX): (X,f‘)E71}. 
If V(T) c R, then T is called hermitian. An operator TE B(X) is called 
hyponormal if there are hermitian operators H and K such that T= H+ iK 
and C = i( HK- KH) 3 0, meaning that V(C) c R +. An operator T is called 
normal if there are hermitian operators H and K such that T= H+ iK and 
HK = KH. 
For an operator T= H + iK, we denote the operator H- iK by T. 
The dual operator of T is denoted by T*. Then it holds that 
V(T) c V( T*) c V(T), where i? is the closure of E. Hence, if T= H + iK is 
a hyponormal operator on X, then T* = H* - iK* is a hyponormal 
operator on X*. 
The following results are well-known: 
(I) If T is a hyponormal operator on a Hilbert space, then Weyl’s 
theorem holds for T. 
(2) Weyl’s theorem holds for normal operators on Banach spaces. 
In this paper, we will show that if T is a hyponormal operator on a 
uniformly convex and uniformly smooth space, then Weyl’s theorem holds 
for T. 
We recall from [ 1,2] the construction of a larger space X0 from a given 
Banach space X. Then the mapping T -+ To is an isometric isomorphism of 
B(X) onto a closed subalgebra of B(X’). Let Lim be fixed Banach limit on 
the space of all bounded sequences of complex numbers with the norm 
1) (1,) )I = sup ( I II, ) : n E N 1. Let 2 be the space of all bounded sequences 
(xn} of X. Let N be the subspace of 2 consisting of all bounded sequences 
{x,,} with Lim /I x, 1)’ = 0. Th e space X0 is defined as the completion of the 
quotient space p/N with respect o the norm 11 {x,,} + NJ1 = (Lim II x, )I 2)“2. 
Then the following results hold: 
(1) a(T) = (r( To), a,(T) = o,J To) = oP( To), and Co V(T) = V( To), 
where Co E is the closed convex hull of E. 
(2) X is uniformly convex iff X0 is so. 
See [ 1, 21 for the details. 
Let A, B be subspaces of X. Then A is said to be orthogonal to B and 
we write A I B if 
II a + f!J II 2 II a II (agA,b~B). 
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2. THEOREM 
THEOREM 1. Let X be untformly convex. Let T = H + iK be a hyponor- 
ma1 operator on X. Let Y be the smallest closed subspace containing R(H) 
and R(K). Then 
N(T) I Y. 
Proof Let x be in N(T) and 11 x 11 = 1. Since then by Theorem 2.4 in 
[14] it follows that N(T) = At(H) n N(K), it follows that x is in 
N(H) n N(K). Since X is reflexive, it holds by Theorem 20.7 in [4] that 
there exists feX* such that (x,f)~ rc and H*f= K*f=O. Therefore by 
Lemma 3.2 in [ 131 it holds that N(T) I Y. 
COROLLARY 1. Let X be umformly convex. Let T= H + iK be a 
hyponormal operator on X. Then 
N(T) J- R(T) and N(T) I R(T). 
The proof is clear from R(T) v R(T) c Y. 
THEOREM 2. Let X be uniformly convex. Let T = H + iK be a hypo- 
normal operator on X. If (xn} is a sequence of unit vectors in X such that 
TX, + 0, then 
1~ lim inf /Ix, + Ty, /I 
for any bounded sequence ( y,,} in X. 
Proof Consider the larger space X0 and the mapping T --+ To. Then X0 
is uniformly convex and To= Ho + ik? is a hyponormal operator on X0. 
Let x0= [{x~}]. If {y,} is bounded, then y”= [{y,}] E X0, and by 
Theorem 1 we have 
II x0 II d II x0 + Toy0 II. 
Hence 
1 < (Lim II x, + Tyn l/2)1’2. 
Therefore, by the same proof of Proposition 3.7 in [ 123 we have 
1 Gliminf 1)x,+ TyJ/. 
As a direct consequence, we have the following two corollaries. 
COROLLARY 2. Let X be untformly convex. Let T= H + iK be a 
hyponormal operator on X. Let 1 #u. If (T- A) x, -+ 0 where II x, II = 1, then 
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1 Gliminf IIx,+y,/I 
for any bounded sequence { y,} such that (T - ,u) y, -+ 0. 
COROLLARY 3. Let X be untformly convex. Let T= H + iK be a 
hyponormal operator on X. If 2, u E CJJ T) with 2 #u, then N(T- jk) I 
NT- vL). 
Following Baxley we consider the following condition: 
Cl. If (zn} is an infinite sequence of distinct points in the set of 
eigenvalues of infinite multiplicity and {xn} is any sequence of correspond- 
ing normalized eigeneigenvectors, then the sequence {x,} does not con- 
verge. 
It is well known that if TEB(X) satisfies C,, then 
a(T) - noo( T) c w(T). 
So by Corollary 3, we have the following theorem: 
THEOREM 3. Let X be untformly convex. Let T be a hyponormal operator 
on X. Then T satisfies C, . 
In particular, 
a(T) - 7coo( T) c o(T). 
For the proof of the converse inclusion we will prepare a lemma. 
LEMMA. Let X be untformly convex and untformly smooth. Let 
T = H + iK be a hyponormal operator on X. Then 
X= N(T)@R(T). 
In particular, let Y be the smallest closed subspace containing R(H) and 
R(K). Then X= N(T)@ Y. 
Proof: By Corollary 1, Nm+ R(T) is a closed subspace of X*pose 
that fEX* with f(N(T)+R(T))= (0). Then fE [N(T)]ln [R(T)]‘= 
(R(T*))“* n N(T*), where E”‘* denotes its closure in the weak*-topology. 
By the proof of Theorem 4.4 in [ 121, it holds that R( T*) = (R(T*))“‘. 
Hence we have 
feR(T*)nN(T*). 
Since X* in uniformly convex and T* is a hyponormal operator on X*, by 
Corollary 1 it follows that N(T*) n R( T*) = (0). Hence we have f = 0. It 
follows that X = N(T) 0 R(. 
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THEOREM 4. Let X be uniformly convex and uniformly smooth. Let 
T = H + iK be a hyponormal operator on X. Then Weyl’s theorem holds 
for T. 
Proof By Theorem 3, we may only prove that 
w(T) c D(T) - z&T). 
Since T- 1 is hyponormal for every A E C, we may only prove that 
if OE z&T), then 0 $0(T). Let Y be the smallest closed subspace con- 
taining R(H) and R(K). Then by Lemma we have X= N(T) 0 Y. It is 
clear that T is completely reduced by (N(T), Y) (see [ 14, p. 2681). Let 
TI = T,w and T, = T, y. Then by Theorem 5.4-C [ 141 it holds that 
dT)=o(T,)u4Td and q,(T)=qd’,b~qD’J. 
Hence we have 0 4 G( T2). Since N(T) is a finite dimensional subspace, the 
operator K = IO 0 is a compact operator on X = N(T) @ Y. Hence we have 
0 $ a(I) u a( T2) = o( T@ K). 
Therefore we have 0 4 w(T). 
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